In this work, we introduce sufficient and necessary conditions for a pair of fuzzy conjunctor and implication considered in a multi-adjoint frame under which the usual combinations of multi-adjoint sufficiency, possibility and necessity operators form either antitone or isotone Galois connections.
Introduction
Several extensions to the theory of formal concept analysis (FCA) have been introduced in the recent years, ranging from rough-set based approaches to possibility-theoretic approaches, and from interval valued contexts to similarity measures [1, 2, 5, 7, 8, 9, 10, 21] . In addition, new types of incidence relations are being taken into account [13] together with alternative definitions of the concept-forming operators aimed at obtaining different interpretations for them. These operators are usually combined by pairs, since they form (either antitone or isotone) Galois connections, and, as a consequence, their compositions can be topologically interpreted as either closure or opening (kernel) operators.
In this work we are interested in fuzzy extensions of some of these previous approaches, particularly, the multi-adjoint framework [15, 16, 17, 18] since it embeds several other approaches [3, 4, 12, 14, 20] which are based on residuated structures in order to build the concept-forming operators.
Recently, in [6] algebraic requirements were introduced under which the composition of conceptforming operators in four different versions (fuzzy sufficiency, possibility, necessity, and dual sufficiency) are either closure or opening operators.
Multi-adjoint concept lattices [18] are a convenient generalization of some existing approaches to fuzzy FCA which use several pairs of antitone Galois connections to build the concepts. More recently, both multi-adjoint property-oriented and * Partially supported by the Spanish Science Ministry projects TIN2009-14562-C05 and TIN2012-39353-C04, and by Junta de Andalucía project P09-FQM-5233.
object-oriented concept lattices were introduced as a convenient generalization of fuzzy rough sets [15] ; it is remarkable that in these settings, the main mathematical notion is that of isotone Galois connection.
The multi-adjoint frameworks cited above are founded on adjoint triples, which can be seen as convenient generalizations of the adjoint pair formed with classical conjunctor and implication connectives, or t-norms and their residua, and enable us to introduce alternative definitions of concept-forming operators in an L-fuzzy environment.
Following [6] , we filter out some conditions originally imposed by adjoint triples which are not fundamental for the development of multi-adjoint FCA, in the sense that the Galois connections needed can be obtained by a smaller set of requirements. This applies both to antitone and isotone Galois connections. Sufficient and necessary conditions are introduced in order to obtain that the compositions of the concept-forming operators are either closure or opening operators. Consequently, a set of minimal requirements to build the different versions of multi-adjoint concept lattices are provided.
Basic operators for multi-adjoint FCA
Different generalizations of FCA coincide on the fact that the pair of fuzzy extensions of the crisp concept-forming operators is a Galois connection [11] , for which there exist wo dual versions. We adopt in this section the standard one, in which both maps are order-reversing (antitone); these will be properly called Galois connections. The alternative version with the maps order-preserving, socalled isotone Galois connections, which will be studied later. We recall now the formal definition of (antitone) Galois connection. 
Definition 1 Let
, where i belongs to an index set Λ.
We will also consider two sets A and B representing a set of attributes and a set of objects, respectively; together with a fuzzy relation between them, R : A×B → P . In addition, we also assume the existence of a mapping σ : A×B → Λ relating each pair (a, b) to a pair of implications (  σ(a,b) , σ(a,b) ), similarly to [18] . The tuple (A, B, R, σ) will be called (formal) context.
Given a context (A, B, R, σ), we define the oper-
for all a ∈ A and b ∈ B.
We are slightly abusing notation in that ( ↑ , ↓ ) depends on σ; furthermore, hereafter we will write
. We aim at finding a weaker setting under which the fuzzy extension of the crisp concept-forming operators still form an antitone Galois connection; i.e. we will introduce a sufficient and necessary condition in terms of the mappings
form an antitone Galois connection.
To begin with, we will prove first that these operators are antitone. The proposition below states that this is associated to the monotony of the op-
, where z ∈ P and which are defined as z (y) = z y,
Proposition 2 Mapping
↑ : L B 2 → L A 1 is antitone for all formal context (A, B, R, σ) if and only if z i : L 2 → L 1 is antitone for all z ∈ P and i ∈ Λ. Similarly, ↓ : L A 1 → L B 2
is antitone for all formal context (A, B, R, σ) if and only if
antitone for all z ∈ P and i ∈ Λ.
Remark 3 From the previous proposition, we can assume that, for all
The next result characterizes extensity of the composition ↑↓ in terms of i , i .
Theorem 4 Inequality g 2 g ↑↓ holds for all context (A, B, R, σ) and g ∈ L B
2 if and only if the property below is satisfied ∀y ∈ L 2 , ∀z ∈ P , ∀i ∈ Λ:
The other one can be characterized similarly.
1 if and only if the following property holds ∀x ∈ L 1 , ∀z ∈ P and ∀i ∈ Λ:
Theorems 4 and 5, and Proposition 2 imply the following result. Consider one pair of identical mappings, then our approach generalizes that of [6, Theorem 2] , recalled in the following corollary.
Corollary 7 Given
and a pair of identical arrows ( , ), then the compositions ↑↓ , ↓↑ are closure operators if is antitone on its right argument and the following holds for all y ∈ L, z ∈ P :
As a consequence of Proposition 2, Theorems 4 and 5, the following characterization of pairs that form Galois connections is obtained.
Theorem 8 The pair ( ↑ , ↓ ) is an antitone Galois connection, for all formal context (A, B, R, σ), if and only if the pair (
is an antitone Galois connection, for all z ∈ P and i ∈ Λ.
From the previous theorem, we can transform a problem between
, whose definitions are complex, to a problem related to the more basic operators ( z i , z i ). It is worth to notice that the previous theorem does not imply a biunivocal correspondence between antitone Galois connections and pairs of implications associated with an adjoint triple, however we will keep on using the implication symbols as a vestige from our inspirational examples. Two operators φ and ψ are introduced below, which allow to define an antitone Galois connection ( ↑ , ↓ ); note, however, that (φ, ψ) is not a pair of residuated implications of an adjoint triple, particularly, because they are not fuzzy implications.
Example 9 Let us assume
, where ≤ is the usual ordering in the unit interval, and the pair (φ, ψ), where 
which is equivalent to
For the other inequality, by definition, we obtain that ψ(z, φ(z, y)) is:
Thus, for all y ∈ [0, 1], we have y ≤ ψ(z, φ(z, y)).
Therefore, given z ∈ [0, 1], the pair (φ z , ψ z ) is an antitone Galois connection and so, by Proposition 8, the mappings
for all a ∈ A and b ∈ B, form an antitone Galois connection. The examples above show that we are actually proposing in a more general framework than [18] , but still we can define the set of all formal concepts g, f , that is, the set
Remark 10
with the ordering given by g 1 , f 1 g 2 , f 2 if and only if g 1 2 g 2 (equivalently f 2 1 f 1 ), can be proven to be a complete lattice (the proof is similar to that in [18] ).
We have just considered a more general framework on which the constructions are analogous, so it makes sense to keep the same names and still call the multi-adjoint concept lattice associated with a given formal context.
Multi-adjoint property-oriented and object-oriented concept lattices
Inspired by [6] , in this section we introduce sufficient and necessary conditions on the given fuzzy conjuntor and implication for the combinations of possibility and necessity operators to be isotone Galois connections. As a consequence, two kinds of concept lattices arise, generalizing the multi-adjoint object-oriented and property-oriented concept lattices given in [15] .
Definition 12 Let (P 1 , ≤ 1 ) and (P 2 , ≤ 2 ) be posets, and
forms an isotone Galois connection between P 1 and P 2 if and only if:
1.
↑ and ↓ are order-preserving.
In this setting, it is worth to recall the definition of dual order. Given a poset (P, ≤), its dual ordering, ≤ ∂ , is defined as x 1 ≤ ∂ x 2 if and only if x 2 ≤ x 1 , for all x 1 , x 2 ∈ P . W will write P instead of the partially ordered set (P, ≤), P ∂ instead of (P, ≤ ∂ ), and we will say that P ∂ is the dual of P . It is well known that the notion of isotone Galois connection follows from the original one simply by considering P ∂ 2 instead of P 2 . Thus, an isotone Galois connection ( ↑ , ↓ ) on P 1 and P 2 is an antitone Galois connection on P 1 and P ∂ 2 , and vice versa, and properties from antitone Galois connections can be translated to and from isotone Galois connections.
This idea has been recently used in [15] in order to relate several kinds of concept lattices. Similar transformations can be applied to use the properties obtained previously for the antitone Galois connection ( ↑ , ↓ ) in the framework of property-oriented and object-oriented concept lattices. Next, the details of this transformation for multi-adjoint propertyoriented concept lattices will be introduced. The object-oriented case is obtained analogously.
From now on, we will fix two complete lattices
Given a context (A, B, R, σ), we define two map-
and a ∈ A, b ∈ B. These definitions are obvious generalizations of the classical possibility and necessity operators.
We establish here similar results to those in the previous section; but now, with respect to the operators ↑π , ↓ N and the underlying fuzzy conjunctors &i and implications i , with i in the index set Λ.
To begin with, we focus on the monotony-related properties of these operators. Specifically, we con- 
Lemma 13 Considering lattice L
Hence, the previous results can be transformed into this new approach. The following result, similar to that of Proposition 2, can be obtained:
Analogously,
is isotone for all formal context (A, B, R, σ) if and only if
x : L 3 → L 2 is isotone for all x ∈ P .
Remark 15
In consequence, we can assume hereafter that conjunctors &i are isotone in the right argument and arrows i are isotone in the left argument, for all i ∈ Λ.
The closure properties of the composition
is characterized by using Lemma 13 and Theorem 4, which turns out to be a generalization of [6, Theorem 4] . This result is similar to [6, Theorem 5] , but consid- 
Proposition 14, and Theorems 16 and 17, provide similar consequences to those above, but now concerning property-oriented concept lattices. 
Corollary 18

Composition
allow to build a more general lattice than the concept lattice introduced in [15] . Specifically, the set
is a complete lattice, called multi-adjoint propertyoriented concept lattice, where the pairs of mappings g, f ∈ M πN are called multi-adjoint propertyoriented formal concepts. Note, again, that the naming considered here for the concept lattice and for the concepts is exactly the same used in [15] . The reason is that, in spirit, they are equal. The main difference being that the considered operators can be more general, since the pair (&, ) need not arise from an adjoint triple.
In the next example we introduce an isotone Galois connection ( x &, x ), although there does not exist such that (&, , ) is an adjoint triple. Moreover, by Proposition 20, we obtain that ↑π and ↓ N , defined as in Equations (3) and (4), form an isotone Galois connection and, then, a propertyoriented concept lattice can be considered.
, where ≤ is the usual ordering in the unit interval, and the mapping Finally, the expressions for the implications are:
Operators as those used above are not just pathological operators, they could be useful to distinguish between the values provided by the relation and those given by the fuzzy subset of object, and this is interesting for applications. For instance, the conjunctor in the example simply weights similarly the values given by the relation and the fuzzy subset when the former is greater or equal than the threshold 1/2.
Conclusions
Characterizations of different Galois connections arising in FCA have been introduced, in such a way that the necessary algebraic requirements are translated directly on the fuzzy conjunctors and implications considered in the underlying multi-adjoint context.
As a consequence, it turns out that the approach in [15, 18] is applicable in more general situations, in particular, the conjunctors and implications in the multi-adjoint formal context need not form adjoint triples, but satisfy weaker conditions instead.
